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Reminder

Reminder

Previous Weeks
@ LTI systern modeling
e Nonlinear modeling and linearization
e Stability
¢ Steady-state and transient response

e Feedback Control

o Root locus
e Nyquist plot

This week
e Frequency response

¢ Bode plot
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Frequency Response

Frequency Response: Basic Idea

Given
Gap 1
@ Stable LTI system with transfer
function G(s) (A e /
Goal - (s ]w-mmf;_)
e Find system response y(t) for DU
sinusoidal input signal A wa
u(t) = sin(wt)
Solution
@ Consider output computation in the Laplace domain:
Y(s) = G(s) U(s)
W
e Sinusoidal input function: U(s) = —
$2 + (2
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Frequency Response
Frequency Response: Output Computation
Output Computation
Gap 2
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Frequency Response

Frequency Response: Steady State Response

Intermediate Result

G(jw) 1 +G(—~ju,1) 1

) = s T T T e s o
Computation of the Steady State Response
\L,;Omh M-.)l‘m\ : uﬂc\%wy{.—t_\&@k pat A W&O\Jﬁi Gap 3
Vss(y) = ?.:4:( {G(Jw)[e,_ 3 ¥ Gljts) [C(JMIQ ﬁé(Ju))
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Frequency Response

Frequency Response: Result

Result
y(t) = [G(w)] sin (wt + £(G(jw)))
Description
e Output signal y oscillates with same frequency w as input signal u
e Amplification of u by |G(jw)
@ Phase shift of v by Z(G(jw))

llustration
1
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Py e Bade Plot

Bode Plot: Basic ldea

Description
o Given: Transfer function G(s)

o Task: Show the frequency response in terms of magnitude |G (jw)]
and phase shift Z(G(jw))
Magnitude Plot
o Frequency axis with logarithmic scale w [rad/sec]
e Magnitude axis with 20 log|G(jw)| [dB]
Phase Plot
e Frequency axis with logarithmic scale w [rad/sec]
Lm(G(jw))y 1o

e Phase axis with ZG(jw) = arctan(Re(GU )
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Bode Plot
Bode Plot: Example
Bode Plot Example
20— e TSI ot Tt T T T T
= e L0 D A ) = B
B ob i e, GH) =g
__g M I z N N z - g N - E é y N
= 1] REEREIRRE RESE- b R PR E RRE LPs SER E L FAR RN R e ‘%"%
‘g - Do
an e, -
§ =40= ............. im:?“’%,.
#60 : ; E E';;i; é E E Eéziii 2 A3 ';i;:;.. A PR :i * ; i
107" i0° 10’ 10° 10° 10"
Frequency [rad/sec]
5100 ;i;;t Tk A A_aoa A LA e e | " 2 i a.osAxD
107" 10 10' 107 10° 10°
Frequency [rad/sec]
¥laus Schmidt Department

ECE 488 — Automatic Control




Bode Plot: Transfer Function Representation

Time-constant Representation

(1+7ms)(1+mas) - (L+20p7rs+725%)- -

G Kpo -
(s) = Koc bq(]_—{—TlS)(1+T25)"'(1—§—2DngS—|—T;.Sz)"'
e Time constants for real zeros/poles: 71,75, -; T1, Ta, -
e Time constants for conjugated complex zeros/poles: 7¢, - - - ; Ty
o Damping factor for conjugated complex zeros/poles: d¢, - - ; Dy, -

e Multiplicity of pole at zero: ¢
= If the transfer function is not given in the time-constant
representation, it has to be transformed to this representation
Frequency Response _
6(s) = Koo (1 jor )1+ jwr) - (1 + jw2derr + (jw)?r7) - -
(e)d(L + jw T )(1+ jwTa) (1 + jw2Dg Ty + (jw)?T2) -
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Bode Plot .

Bode Plot
Bode Plot: Transfer Function Representation
Example
GCS) = O A+ 0. L{»S ety GO g L ol - Gaps
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Standard Numerator/Denominator Factors
e Kpc
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Bade Plot

Bode Plot: Common Examples

DC Gain: G(jw) = Kpc
o Magnitude: |G(jw)| = |Kpc1 = |G(jw)|d3 = 20log Kpc
, 0° if Kpe >0
¢ Phase Z(G(jw)) = { 180° if Kpc < 0

1
Integrator G(jw) = —

Jw
1
e Magnitude: |G(jw)| = == |G(jw)|lyg = —20log w
e Phase: ZG(jw) = —-90°

Combination of DC Gain and Integrator: G{jw) = Kpc .~
Jw
o Magnitude: G(jw)|gs = 20log Kpc — 20log w
o Phase: £(G(jw)) = Z(Kpc) —90°
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: mple o N, dp
Bode Plot: Common Examples (e =2 = ¢ A TS
) 2
Bode Plot Construction: G(s) = S
30
@ 20f
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Bode Plot

Bode Plot: Lxamples

i
First-order Lag G(jw) = 17T
1
e Magnitude: |Gjw)| = —on
g G (jw)] ST
= |G(jw)as = 20( — 1/2log(1 + w? Tz))
N 0 w<1/T
T —20logw T w>1/T

=+ Straight-line approximation that bends at w = /T
6 Phase: /G(jw) = —Z(1 4+ jwT) = ZarctanwT
R v )07 w<1/(10T)
= £60w) “’{ ~90°  w>10/T
= Straight-line approximation that decreases from 0 to —90° between
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Bode Plot

Bode Plot: First-order |.ag
= L b

Bode Plot Construction: G(s) T
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Bode Plot: Second-order Lag

1
1+ 2DTjw + T?(jw)?
1

V(1= T2w?)? + 4D2T22
= |G(jw)las = 20( ~1/2log ((1 - T2w?)? 4 4D? T2w2)>

N{ 0 w<1/T

Second-order Lag G(jw) =

e Magnitude: |G(jw)| =

—~40logwT w>1/T
= Straight-line approximation that bends at w = T

6 Phase: /G(jw) = - Z(j2DTw + 1 —w?T?) = —arctan 1%—‘2;%

00 we<1j10T)
= £6(jw) = { ~180°  w>>10/T

w=1/(10T) and w=10/T
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= Straight-line approximation that decreases from 0 to —180° between
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Bode Plot: Examples

Bode Plot

b A
Bode Plot Construction:(s) = (f;-/;;/ g,?’{
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" Bode Plot

Bode Plot: Multiplication Rules

Multiplication of Transfer Functions
G(s) = Gi(s) Go(s)----- Gp(s)

Addition of Magnitude and Phase in Bode Plot

¢ 1Gw)los = |Gr(jw)las + 1Ga(jw)las + -+ - + | Galjew) s
6 LG(jw) = LG(jw) + LG(jw) + - + LGa(jw)

Cls) = O.4( AvGs ) Gap 6
d,.Cm/uoH, ,w\:)xi)
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Bode Plot
Bode Plot: Transfer Function Zeros
Inverse of Transfer Functions
G(s) = Gfl(s)
Negation of Magnitude and Phase
e |G(jw)lar = —|G1(jw)|ys
6 LG(jw) = /G (jw) "
; /
GO) = (A+4s) ~ 64(5)”’ PR Gap 7
s /
fGUw)(d.gs = = [ 4+¢J‘~)[d&
: i
Q;C)(JL«\)) oo e}i( (/\)(WJ)
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Bode Flot

Bode Plot: Example

Computation
C
Cly) = Oca (avtn)

Gap 8
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Bode Plot: Example
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Bode Plot: Example

Bode Plot
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Bode Plot
Bode Plot; Non-minimum Phase Factors
First-order Lag Example
1
G(s) = ———
() 1—Ts
Comparison to Minimum- Phase Factor
1 1
e |G = | —\ug: ZG —L
|G (jw)as Ilﬂ |87 £G{jw) = (1+Jw =)
A Gap 9
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Bode Plot: Example

Computation

Bode Plot

G(y) - Arods
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Bode Plot: Example
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